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Abstract 

In the framework of Lie transform and the global method of averaging, 
the normal forms of a multidimensional slow-fast Hamiltonian system are 
studied in the case when the flow of the unperturbed (fast) system is 
periodic and the induced § -action is not necessarily free and trivial. An 
intrinsic splitting of the second term in a S -invariant normal form of first 
order is derived in terms of the Hannay-Berry connection associated with 
the periodic flow. 

1 Introduction 

In this paper, in the context of normal form, we deal with a class of so-called 
slow-fast Hamiltonian systems [H [TB] of the form 

dH . dH 

y= -^ x =w (L1) 

dH . dH 

p= - £ w q = £ w (L2) 

where (y, x) G R 2r , (p. q) G M. 2k and e is a small perturbation parameter. System 
(jl.ip . (|1.2j) is Hamiltonian relative to a function H — H(p,q,y,x) and the s- 
dependent Poisson bracket {,} = {, }o+s{i }i 011 ^- 2r x K 2fc . From the viewpoint 
of Hamiltonian perturbation theory, this splitting of the Poisson bracket into 
a slow and a fast part leads to the following unusual feature of the perturbed 
model: the unperturbed (fast) system and the perturbation are Hamiltonian 
relative to the different (nonisomorphic) Poisson structures. In this situation, 
one can expect that the perturbation effects are not only representated by cor- 
rection terms in the Hamiltonian but also related to the rescaling of Poisson 
brackets. 
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We assume that the flow of the unperturbed system is periodic and hence 
induces an S 1 -action which is canonical relative to the fast Poisson bracket 
{,}o- For r > 1, such a situation occurs in the case when the unperturbed 
motion is described by a family of systems which are superintegrable in the 
noncommutative sense [T7]. The normalization question comes from the fact 
that the S 1 -action does not respect the perturbation vector field of system (|1.1[) . 
(jl.2l) since the slow Poisson bracket {,}i is not ^-invariant in general. The 
traditional averaging procedure [U [TB] works within domains of (generalized) 
action-angles variables where the original § 1 -action is trivial. We are interested 
in the global structure of normal forms for system (11.11) , (|1.2I) in the general case 
when the S^action is not necessarily free and trivial. Our approach is based 
on the global averaging technique on S 1 -manifolds (2] [H] [15] which refers to the 
flow on a phase space rather than to a local coordinate description. One of 
the important tools here is the Hannay-Berry connection [T31 HI] associated to 
the § 1 -action which naturally arises in the averaging procedure for symplectic 
and Poisson structures [THl [201 IS] • We show that the Hamiltonian vector field 
of system (|1.1[) . (|1.2I) can be transformed by a near-identity mapping to an 
^-invariant normal form of first order whose second term splits with respect 
the Hannay-Berry connection into two parts Phor and P ver with the following 
properties. The vertical component P ver is a Hamiltonian vector field relative 
to the fast Poisson bracket {, }o and an ^-invariant function which interpreted 
as a first correction to the Hamiltonian H. This interpretation is motivated by 
the fact that system (|1.1[) , (| 1 . 2|) can be approximated by a Hamiltonian system 
with S^-symmetry on a phase space equipped with a corrected Poisson bracket. 
The horizontal component Phor involves the horizontal lift of the Poisson tensor 
on the slow (p, g)-space which satisfies the Jacobi identity only in the case when 
the curvature of the Hannay-Berry connection is zero. Therefore, in general, 
Phor does not inherit any natural Hamiltonian structure. These results are 
applied to the construction of approximate first integrals of system (jl.l[> . (|1.2p 
and illustrated by some examples. 

2 Averaging and Integrating Operators 

In this section, we collect some facts concerning algebraic properties of the 
averaging procedure on general S^manifolds. For more details, see, for example, 



Suppose that on a manifold M we are given a complete vector field T with 
27r-periodic flow, Fl^ 27r = Fly. Then, we have an action on M of the circle 
S 1 = R/27rZ with infinitesimal generator T. Let us associated to this S 1 -action 
the following operations. Denote by T s k (M) be the space of all tensor fields on 
M of type (k,m) and by Cx ■ T s k (M) — > T k {M) the Lie derivative along T. 
For every tensor field A £ T k (M), its average with respect to the § 1 -action is a 
tensor field (A) £ T s k (M) of the same type which is defined by 



Huang. 




(2.1) 
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This formula gives the global averaging operator associated to the § 1 -action 
on M. A tensor field A £ T s k (M) is said to be invariant with respect to the 
S 1 -action if (F1* X )*A = A (Vi £ R) or, equivalently, C T A = 0. In terms of the 
§ 1 -average of A the § 1 -invariance condition reads A = {A}. 

Introduce also the R- linear operator S : T k (M) —> T s k (M) given by 



2tt 

t \* 



{t - Tv)(W r )* Adt. (2.2) 



Then, we have the following important algebraic identities involving the opera- 
tors C~c,() and S [5] . 

Lemma 2.1 For every A £ T k (M), the following identities hold 

Cr°S(A) = A-(A), (2.3) 

(C T (A)) =C r (A) = 0, (2.4) 
(S(A))=S((A))=0. (2.5) 



For a given A, one can think of (|2.3p as a homological equation involving the 
Lie derivative along T. Then, this equation admits a solution with zero average 
of the form S(A). In this context, it is natural to call S an integrating operator. 

Remark also that operators (|2.1[) and (|2.2[) are well-defined on the exterior 
algebras of multilvector fields and differential forms on M. Together with the 
Lie derivative, these operators are natural with respect to the exterior derivative 
d on M, that is, 

S(dw) = d(S(oj)) and d((u}) = (du) 

for any fc-form w on M. Moreover, we have the similar properties with respect 
to the interior product. Recall that the interior product of a 1-form a and k- 
vector field A on M is a (k — l)-vector field i a A defined by (i a A)(a>i, ...,ctk-i) — 
A(a, oti, ak-i)- If ol is an S 1 -invariant 1-form, then 

(i a A) = i a (A) and S(i a A) = i a S(A) 

for an arbitrary k- vector field A. 



3 Setting of the Problem 

Consider the phase space R^. x R^ fc g endowed with the e-dependent Poisson 
bracket 

{,} = {,}o+e{,}i, (3.1) 

where {, }o and {, }i denote the natural lifts of the canonical Poisson brackets on 
the factors R,^ and Rp fc g , respectively. Suppose we start with slow- fast Hamil- 
tonian system (|l.lj) . (|1.2p associated to a smooth function H — H(p, q, y, x). As 
was mentioned, this system is Hamiltonian relative to Poisson bracket (|3.1|) and 
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the function H . The corresponding Hamiltonian vector field Xh is represented 
as follows 

X B = X$+eX%\ 



where the unperturbed vector field xffi and the perturbation vector field X^ 
are Hamiltonian relative to H and the Poisson brackets {, }o and {, }i, respec- 
tively, 

x (0) = _dH d_ + dH 

H dx dy dy <9x' 
x (i) = _dH d_ + dH d_ 
H dq dp dp dq 
We assume that the unperturbed system admits an invariant open domain M C 
M.y T tX x Rp k q such that the flow Fl* (0 ) of X$ is periodic on M with frequency 

function u £ C°°{M), w)0. This means that Fl* + Z (m) (m) = Fl* Co) (m) for all 

X H X H 

t £ M and m € M. Here T = ^z. is the period function. Then, the flow of the 
vector field 

T := -X ( ^ (3.4) 

UJ 

is 27r-periodic and hence T is an infinitesimal generator of the S 1 -action on M. 

It is clear that the frequency function lu and the Hamiltonian H are S 1 - 
invariant. Moreover, by the period-energy relation 0[TO] for periodic Hamilto- 
nian flows, we have the equality 

(d y H + d x H) A (dyW + d x uj) = 0, (3.5) 

where d y and d x denote the partial exterior derivatives on M with respect to 
the fast variables y and x, respectively. Relation (|3.5[) means that, for a fixed 
(p,q), the frequency function u is constant along the intersection of a level set 
of H and the slice M^ r x x {(p,q)}. It is also easy to see from relation (|3.5p that 
the S 1 -action is canonical with respect to the bracket {, }o- On the other hand, 
as we will show below (see Lemma [4.71) . the § 1 -action does not preserve the 
slow Poisson bracket {, }i, in general. Therefore, the perturbation vector field 
Xfl^ is not necessarily SMnvariant. This fact rises the normalization question: 
in the class of near- identity mappings on M, bring the Hamiltonian vector field 
Xh to an S 1 -invariant normal form of desired order in e. 



4 The Hannay-Berry Connection Associated to 
the S^Action 

To formulate our main results, we need some preliminary facts related to the 
averaging procedure on phase spaces with ^-symmetry, |H1 EH HH 1201 I^Tj . 

Throughout this section, we will use operators the ( } and S in (12. ip and 
(|2.2p which are associated to the § 1 -action with infinitesimal generator (|3.4I) . 
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Lemma 4.1 The S 1 -action associated to the periodic flow of X^ is Hamilto- 
nian relative to the fast Poisson bracket {, }o, 

T = ^ 0) , (4.1) 

where the momentum map J 6 C°°{M) is given by 

J = -i x ( 0) (ydx). (4.2) 

UJ H 

Moreover, 

K dp 



S) = (S = (4-3) 



fori = l,...,k. 

Proof. Let n = ydx. Then, J = ir(f?) and 

i x t.o)drj = —dH + d p H + d q H. 

Using property (|2.4j) . the § 1 -invariance of dH and Cartan's formula, we get 
dJ = d(ir(ri)) = C-r{ri) - h(dr]) 

= --(i xm dr)) = -{dH- (d p H) - (d q H)) . 

UJ H UJ 

From here, taking into account that the 1-forms dp l ,dq l are ^-invariant, we 
deduce the relations 

d y J = -d y H, d x J = -d x H, (4.4) 

UJ UJ 

d p J = - (d p H - (d p H)) , d q J = — (d q H - (d q H)) (4.5) 

UJ UJ 

which imply (|4TT|) and fO]). ■ 

As a consequence of ()3.5[) (|4.4|) and (|4.5|) . we get the following fact. 

Corollary 4.2 The differentials dH and dJ are linear independent on M if 
and only if 

(d p H) + (d q H) ? 0. (4.6) 

Remark 4.3 // the S 1 -action is free on M , then formula gives the stan- 

dard action along the periodic orbits of J^j/. 

Now, using the momentum map J and operator (|2.2[) . we define the 1-form 
9 = 6f dp 4 + Qfdq 1 on M with coefficients 



It follows from property (|2.5[) that 

(ef) = (6f) = (4.8) 
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for i = 1, k. Here and throughout the remainder of the text, the summation 
on repeated indices will be understood. 

Consider the pre-symplectic 2-form dy A dx on R 2r x E 2fc associated to the 
fast Poisson bracket { , } 1 . The following lemma shows that the differential of 
the 1-form measures the deviation of dy A dx from the property of being 
invariant with respect to the § 1 -action. 

Lemma 4.4 The average S 1 -average of the 2-form dy A dx has the following 
representation on M : 

(dy A dx) = dy A dx - d@. (4.9) 
Proof. First, we observe that the closed 2-form a = dyAdx satisfies the relation 

a={a)+ doi T S(cr) (4.10) 
Indeed, property (|2 . 3[) together with Cartan's formula yields 
d o i T <S(er) = Cy(S(a)) = a — (a) 

By (|4.ip we have 

ixcr = —(d y J + d x J) = —dJ + (d p J + d q J) 

and consequently, 

i r S(a) = 5(i T cr) = -S{dJ) + S(d p J + d q J) = -dJ + 0. 



Putting this equality into (|4.10j) . we get (|4.9j) . ■ 

Introduce now the following vector fields on M: 

horf:=A+4°), hor?:=A+xW (4 .11) 

Lemma 4.5 The following identities hold 

C hoi pJ = C hol! J = 0, (4.12) 
[hor?,T] = [hor?,T] = 0, (4.13) 

for all i = 1, k. 

Proof. Definition (14.71) and property (|2.3[) imply that 

Moreover, property (14. ip shows that £ <o)J = {F, J} = —CyF for any F e 
C°°(M). Using above relations and (14.111) . we obtain (|4.12l) . Next, if Y is an 
Poisson vector field Y of the bracket {, }o, then 



Cy)J' 



[Y,X^]=X[ 
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Combining this identity for Poisson vector fields hor^ and horf with equalities 
f4~T2l) . we justify flOg) . ■ 

Therefore, it follows from (|4.12|) and (|4. 1 3f) that vector fields in (|4.11|) are 
^-invariant and have the momentum map J as a common first integral. The 
following consequence of Lemma 14.51 gives us an alternative definition of hor? 
and hor'. 

Corollary 4.6 The vector fields in coincide with the S 1 -averages of the 

coordinate vector fields associated to the slow variables, 

h < = <|->, hOT H(|r) (4-14) 

for all i = 1, k. 

Proof. By (|4.ip . the S 1 -action is Hamiltonian relative to the Poisson bracket 
{, }o and hence for any F S C°°(M), the S 1 -average of the Hamiltonian vector 
Xp^ is given by 

<4°>) = xg> (4.15) 

In particular, the condition (F) = implies that (Xp) = 0. Then, it follows 
from (|4~8l) that 

(X<®) = (XW)=0. (4.16) 

These relations and the S 1 -invariance of vector fields (|4.11[) imply (|4.14j) . ■ 

Let us think of the domain M C K^. x Rp fc as the total space of a trivial 
symplectic bundle whose base is the projection of M to the "slow" (p, g)-space 
and the fibers are given by the intersections of M with slices R^. x {(p,q)}. 
The S^action leave invariant the fibers whose tangent spaces form the vertical 
distribution V = Span{^, Denote by HI the distribution on M spanned 
by vector fields hor^ and hor| in (14.111) for i = l,...,k. Then, we have the 
^-invariant splitting 

TM = V © H. (4.17) 

Relations (14. 14|) show that the horizontal distribution H gives the Hannay-Berry 
connection in the sense of [HI [14] . This connection is obtained by the averaging 
of the trivial connection on M with respect to the S 1 -action associated to the 
periodic flow of X^ . The horizontal lifts of vector fields on the base with respect 
to the Hannay-Berry are just given by (|4.11l) . The vector fields tangent to the 
distributions V and H are said to be vertical and horizontal, respectively. The 
curvature of the Hannay-Berry connection is zero if and only if the horizontal 
distribution H is integrable. This happens in the case when the vector fields in 
(|4.11[) pairwise commute. 

Now, let us consider the following S 1 -invariant bivector field on M: 

H e :=hor£Ahor? (4.18) 

which is just the horizontal lift of the Poisson tensor on Ml „ with respect to 



splitting flUTE]). 
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Lemma 4.7 The S 1 -average of the Poisson tensor of the slow Poisson bracket 
{, }l has the representation 

(| A |)=ne-V,(|^,, ,4.19) 

where Vis a vector field on M given by 

Proof. By straightforward but lengthly calculations, we verify the following 
identity 



|A| = n e 4horfA^ + ihor«A^ 



n / 9 9 X 

The first term on the right hand side of this equality is S 1 -invariant. The S 1 - 
average of the corresponding second and third terms is zero because of properties 
(|4.14l) and (|4.16p . Finally, taking into account that the Poisson tensor ^ A ^ 
is S 1 -invariant and averaging the both sides of (|4.21[) . we get decomposition 

ram ■ 



5 An Intrinsic Splitting of Normal Forms 

Here, we apply the (non-canonical) Lie transform method to the perturbed 
Hamiltonian vector field of system (jl.ll) . (|1.2p . Taking into account that the 
normalization procedure contains a certain freedom of formulation, we show 
how to fix this freedom to get an intrinsic splitting of a first order normal form. 

We say that an open domain N in M is admissible if its closure N is compact 
and invariant with respect to the § 1 -action. By a near-identity transformation 
we mean a smooth family of mappings Te ■ N — > M, e £ (— £o,£o) such that 
7o = id and T e is a diffeomorphism onto its image. 

Theorem 5.1 Assume that the flow of the unperturbed Hamiltonian vector field 
X^p is periodic with frequency function lj. Then, for every admissible domain 
domain N C M and small enough e, there exists a near identity transformation 
Te '■ N —¥ M which brings the Hamiltonian vector field Xh = xffi + sX^ of 
slow-fast system U.l]) . (l.£\) to the following S 1 -invariant normal form of first 
order: 

T;X H = X^ + e(P hoi + P VCI ) + 0(e 2 ), (5.1) 
where the horizontal Phor and vertical P vcr vector fields on M are given by 

Phor := idHfle, Pvcr '■= ^{K) 
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and 

If 8J8H q( 9J.dH\ 

Proof. First, let us apply a general normalization result [5] to the perturbation 
vector field Xh- Let 

Z = ^S(X ( ^) + ^S\C xi »u>)xP + Y, (5.3) 

where Y is an arbitrary ^-invariant vector field on M. Denote by 

% = Fl f z | t=e (5.4) 

the time-e flow of the vector field Z. Then, for small enough e, the near-identity 
transformation % sends Xh to the following first order normal form [2] : 



T?X H = X£>+e\jX£>) + -£ Y (u)X£ , )+0(E*). (5.5) 

Next, let us choose an S 1 -invariant vector field Y in a such a way that the second 
terms in normal forms (|5.5p and (|5.ip coincide. It follows from representation 
*£ ! = Uh(£ a &) that 

<**•>- "«<| A £>. (5.6) 
On the other hand, taking into account that 

[(v),x®] = [(v),u>r]) = (c {v)U )r = -{L {v) ^xf, 

UJ 



by the standard properties of the Lie derivative pQ, we obtain 

- 4- 1 ir, w AyM 

Combining this relation with (|4.19j) and (|5.6|) . we get the following representa- 
tion 

(X^) = P hor + P vor - -{C {v) u)xf. (5.7) 

CO 

Using (|4.20[) . we verify that 

C V H = K (5.8) 

and hence Cty)H = (£-vH) = (K). Finally, the desired choice of Y in (|5.5[) is 
thaty=(V). ■ 

The horizontal and vertical components of the second term in normal form 
(|5.1[) possess the following properties. The vertical component P VCI is a Hamil- 
tonian vector field relative to the slow Poisson bracket {,}o and the function 
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(K) which can be interpretated as an S 1 -invariant correction of first order to 
the Hamiltonian H (see, Theorem 6.2). The horizontal component Phor involves 
the H -horizontal lift lie (|4.18[) of the Poisson tensor on the (p, g)-space which 
satisfies the Jacobi identity only in the case when the horizontal distribution 
H is integrable [TJ [20] - Therefore, in general, P^ OT does not inherit any natural 
Hamiltonian structure from Xh ■ 

Moreover, from (|5.7p and (|5.8I) . we derive the following relationship between 
the § 1 -average (-Xjy ) of the perturbation vector field and the the second term 
in normal form (|5.1[) . 

Corollary 5.2 The averaged perturbation vector field has the representation 
(X^) = P hor + P vor + gX { °\ (5.9) 

where 

9 ~ 2lu\ [ dp l) dq l [ dq*'d P * ) ■ 

Remark, that last term on the right hand side of (I5.9[) is not Hamiltonian 
relative to the bracket {, }o, in general. 

Property (|4~T2|) yields C Vhoi J = 0. Moreover, C Vvor J = C {K) J = -C T (K) = 
and C v <o> J — gcoCfJ = 0. Therefore, we arrive at the following fact. 

Corollary 5.3 The momentum map J is a first integral of the averaged 

perturbation vector field, 

£ {x( y )} J = 0. (5.10) 

Remark 5.4 The momentum map J is uniquely determined by condition \2. 1\) 
up to adding a smooth function f — f{p 1 q). But, such a renormalization of J 
does not preserve property i5.10\) . 

Remark 5.5 Suppose that the S 1 -action associated to the periodic flow of X^ 
is free on M and not necessarily trivial. Then, it follows from A5.10\) and the 
periodic averaging theorem £J 1 18f that action J is an adiabatic invariant of 
slow-fast Hamiltonian system U.l\) . U.ty) . that is, J(F\ t X[{ (to) — J(m)\ = 0(e) 
, for m (z N and t ~ ^. This is just the contents of the classical adiabatic 
theorem U\ \16ij which is usually formulated in the case r = 1 and for domains 
of action-angle variables. 

The following fact can be useful in theory of semiclassical quantization of 
slow- fast Hamiltonian systems [12] . 

Proposition 5.6 Under hypothesis of Theorem \5.1\ the function 

F = J--S({H,J} 1 ) (5.11) 

is an approximate first integral on M of slow-fast Hamiltonian system U.l\) . 
U.2\) in the sense that 

C XH F = 0{e 2 ). (5.12) 
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Proof. For a function F = Fq + eF\ condition (|5 . 1 2[) holds if and only if the 
functions Fq and F\ are solutions to the following equations 



£^(0)^0 = 0, (5.13) 

C xi o)Fx = -C x wF . (5.14) 

If we put F = J, then (I5.13|) is satisfied because of the S 1 -invariance of H . In 
terms of the infinitesimal generator T, equation (15.14)) for F\ is written as 

C r Fi=--C xM J. (5.15) 

us A H 

By the identity (>C„(i> J) — £,„(i>> </, the solvability condition of equation (|5.15|) 

just coincides with (|5.1Qj> . Finally, equality (|2.3j) shows that a particular solution 
to (|5.15|) is given by the formula F\ = -~S(C X ( )J\) = -~S({H, J}i). ■ 



6 An Approximate Hamiltonian Model with § - 
Symmetry 

Here, under hypothesis of Theorem 15.11 we give an alternative derivation of 
normal form splitting in (15. ip by applying a normalization procedure to the 
Poisson bracket (|3.1[) and the Hamiltonian. In the first step, by means of a 
near-identity transformation $ e , we correct original Poisson bracket (|3.ip to get 
an S 1 -invariant one. In the second step, a canonical averaging transformation 
is applied to the transformed Hamiltonian H o $ E . 

First, we recall some facts concerning to the averaging procedure for symplcc- 
tic and Poisson structures. Consider the symplectic form associated to Poisson 
bracket (j3~Tj) : 

O = —dp A dq + dy A dx. 
Then, by (|4.9|) the § 1 -average of fl is given by the formula 

(O) = Q - dB. 

Lemma 6.1 Let N C M be an admissible domain. Then, for sufficiently small 
e 0, the S 1 -average (f2) is a symplectic form on N. Moreover, there exists 
a near-identity transformation $ e : TV — > M which is a symplectomorphism 
between fl and {CI}, 

$*0=(0) (6.1) 

The proof of this lemma is based on the minimal coupling procedure and 
the Moser homotopy method, see, for example, [71 [TTJ [501 H5 ■ Here, we recall 
an algorithm of the construction of $ e . Let us associate to the 1-form the 
following A-parameter family of 2-forms on M: 

5&:=d p e + d q e + ^^-{eAe} 0) (6.2) 
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where 



{6 A 6}o := {6? A e p j } dp i A dp' + 2{9f A Qfiodp* A dq j 
+ {e, ? A9«V g ' Adqi. 

Notice that the vanishing of the form 5q (called the Hamiltonian 2-form of the 
Hannay-Berry connection) provides the integrability of the horizontal distribu- 
tion H. Let W\ be a time-dependent horizontal vector field on N which is 
uniquely determined by the equation 

\ Wx (dp A dq - e(l - A)<J&) = -e& (6.3) 

Here, we use the fact: for small enough e and A <E [0,1], the 2-form on the left 
hand side of (|6.3I) is nondegenerate on N along the horizontal distribution EL 
Then, the symplectomorphism $ e in (16.11) is defined as the time-1 flow of W\, 

<f e - F4 A | a=1 . (6.4) 

Denote by {, } mv the nondegenerate Poisson bracket associated to the sym- 
plectic form (f2) on N. Then, the bracket {, } lnv is § -invariant and has the 
decomposition 

{F, G} inv = {F, G} Q + eIL e (dF, dG) + 0(e 2 ), (6.5) 
where the bivector field lie is given by (|4.18l) . 

Theorem 6.2 Under the hypothesis of Theorem \5.1[ for small enough e, there 
exists a near-identity transformation T E : N M with the following properties: 

(a) 7~ e is a Poisson isomorphism between Poisson brackets {,} lnv and {,}; 

(b) the transformed Hamiltonian is of the form 

H ofe = H + e(K) + 0(e 2 ), 

where K is just given by h5.2)) . 

Proof. Applying transformation (|6.4[) to the original Hamiltonian system (M, {,}, H), 
we get the following one 

(N, {, } inv , H 0^ = 11 + 611!+ 0(e 2 )), (6.6) 

where the correction term Hi is not necessarily S^invariant. To put the Hamil- 
tonian in (|6.6|) to an ^-invariant normal form of first order, we apply a canonical 
transformation defined as the time-e flow of the Hamiltonian vector field Xq 
relative to the Poisson bracket {, } mv and a function G which satisfies the ho- 
mological equation 

{H,G} inv = H 1 -(H 1 ). (6.7) 



12 



In terms of the integrating operator, a particular solution to this equation is 
represented as G = S(Hi). Expanding equation (|6.3[) and the transformation <l> e 
at e — 0, we show that the ^-averages of H\ and K (|5.2[) coincide, (Hi) = (K). 
Finally, we conclude that the desired normalization transformation is defined as 
the composition 

% = ® £ oF\% . (6.8) 

■ 

Consider the model ^-invariant Hamiltonian system 

(N,{,} im ,H + s(K)) (6.9) 

Property (14. 13)) imply that the infinitesimal generator T is Hamiltonian relative 
to the Poisson bracket {, } mv and J, T = Xj. Therefore, the S 1 -action is Hamil- 
tonian on (N, {,} mv ) with momentum map J. It follows that the truncated 
Hamiltonian H + e(K) and J Poisson commute. For small e, these functions 
are independent if H satisfies condition (|4.6p . 



Corollary 6.3 Normalization transformation S6.8\) carries the original slow- 
fast Hamiltonian system (M,{,},H) into a system which is e 2 -close to the 
Hamiltonian model with S 1 -symmetry 116.9)) . 



Moreover, an easy verification, by using (|6.5p . shows that the first order term 
in the Taylor expansion at e = of the Hamiltonian vector field of system (|6.9|) 
coincides with the normal form of first order in (15.11). 



Remark 6.4 In fact, by the standard Deprit normal form argument |3 \8jj and 
by the fact that homological eguation of the type {6. 7[ ) is solvable, one can extend 
T e to a normalization transformation of arbitrary order n > 2 in e. This means 
that one can correct formula \5.11\) to get an approximate first integral of system 
fl.l\) . i fj.^|) which satisfies condition S5.12]) modO(e"). 



Remark 6.5 Theorem \5.1\ and Theorem \6.2\ carry a general character and can 
be directly generalized to a class of slow-fast Hamiltonian systems on a phase 
space M = Mq x Mi which is the product of an exact (fast) symplectic manifold 
Mq and an arbitrary (slow) symplectic manifold Mi (see, also ]2(A \21f ). 



7 The Quadratic Case 

To illustrate our general results, we consider the particular case when r = 1 and 
the Hamiltonian H is a quadratic function in the fast variables z = (y, x) £l 2 . 
Let us associated to every matrix- valued function A £ sl(2,R) ® C°°(M.p k q ) the 
following function 

Qa = -xJAz • z, 
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where J = ( ^ ^ J . Then, the Hamiltonian vector field relative to the 

bracket {, }o and Qa is given by Xq^ — Az- Jj. Consider slow- fast Hamiltonian 
system (II. ip , (|1.2j) with Hamiltonian of the form 

H = h + ujQ A 

for some smooth functions h = h(p,q), lu = u(p,q) > and A = A(p,q) £ 
sl(2; M). We assume that det A = 1 on a certain open domain in M.p k q . Then, the 

flow of Xq^ is periodic with frequency function uj and the associated § 1 -action 
is given by the linear 27r-periodic flow Fly = cos£l+ siniA. The corresponding 



momentum map (|4.2[) is J = Qa- In this case, operators in (|2.1j) and (|2.2[) 
possess the following properties. 

Lemma 7.1 For arbitrary B, C e sl(2,R) C°°(Rp k q ), the following identities 
hold 

(Qb) = tjQb-aba, (7.1) 
5(Q B ) = ^Q[A,b], (7-2) 

(QbQc) — ^-Qb-abaQc-aca (7.3) 

+ g Qb+ABaQc+ACA + gQ[B,A]Q[C,A]' 

Using the identities A -1 = —A and JA = — A T J, one can verify identities 
(|7.1|) - ()7.3[) by a direct computation. As a consequence of (|7.2[) . we get that the 
components of 1-form in (|4.7|) are given by the formulas 

In this case, it is easy to see that Sq = and hence the curvature of the Hannay- 
Berry connection is zero. Combining above relations with (|7.1[) . we show that 
the ^-invariant function (K) in (|5 .2[) is represented as follows 



(K) = — (Q A OA Qc)A_ — Q A 8AQdA I 

4 V t)p z Qq 1 Qq l dp 1 / 



Finally, an easy computation by using (17.21) and (|7.3D shows that the approxi- 
mate first integral F (|5.1ip is written in the form 

s 

F = Qa - (Q[a,b] + QaQ[a,c]) , 

where 

B := {h, A}i, C^jw.A}! 

and the Poisson bracket between /i and A is defined entry by entry. 
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